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We show that both information erasure process and trace process can be realized by projective
measurement. And a partial trace operation consists to a projective measurement on a subsystem.
We show that a nonunitary operation will destroy the wave-behavior of a particle. We give a
quantum manifestation of Maxwell’s demon and give a quantum manifestation of the second law of
therodynamics. We show that, considering the law of memontum-energy conversation, the evolution
of a closed system should be unitary and the von Neumann entropy of the closed quantum system
should be least.
PACS numbers: 03.65.-w, 89.70.+c
I. INTRODUCTION
When we attempt to apply classical mechanics and eletrodynamics to explain atomic phenomena, they lead to
results which are obviously conflict with experiment. The mechanics which governs microword is quantum mechanics.
It is the most accurate and complete description of the world known. Thus quantum mechanics occupies a very
unusual place among physical theories: it contains classical mechanics as a limiting case, at the same time, it requires
this limiting case for its own formulation.
Quantum mechanics tells us the evolution of a closed quantum system is described by a unitary transformation.
To observes a closed quantum system to find out what is going on inside the system, one needs to interact the system
with an external physical system, which makes the system no longer closed, and the unitary evolution is not necessary.
Structurally, quantum mechanics has two parts, one part concerned with quantum states, the other with quantum
dynamics. In this paper, we will show some properties about quantum evolution.
To find out what is going on inside a quantum system, one must perform a quantum measurement. And a partial
trace operation can give the correct description of observable quantities for subsystems of a composite system. The
relation between physical entropy and information may have been mentioned first by Szilard [1]. Landauer’s principle
states that in erasing one bit of information, on average, at least kBT ln(2) energy is dissipated into the environment (
where kB is Boltzmann’s constant and T is the temperature of the environment at which one erases.) [2]. Piechocinska
derived Landauer’s principle from microscopic considerations [3].
In this paper, we first give a definition of the wave behavior of a quantum system. Suppose a quantum system is
in state
|ϕ >=
∑
i
ai|i >, (1)
where
∑
i |ai|2 = 1, {|i >} is a set of orthogonal vectors. If i ≥ 2, we will say that this quantum system has
wave behavior. Else, there is only particle behavior in this quantum system. The quantum operations formalism is a
general tool for describing the evolution process of quantum systems, such process include unitary evolution, quantum
measurement, and even more general processes [4]. A general quantum dynamical process is described by a quantum
operation. We will use quantum operations formalism to described the quantum evolution processes in this paper.
We use density operators formalism ρ or Dirac’s bracket notation |ψ > to described the state of quantum system. In
this paper, we will use a word: momentum-energy conservation. The momentum-energy conservation is a word for
short. In microword, the conversation quantities would include momentum, energy, spin and other quantity. All these
quantities we call them momentum-energy conservation in this paper. The entropy of a classical system is defaulted
as Shannon entropy. And the entropy of a quantum system is considered as the von Neumann entropy default in this
paper.
A. Trace
The trace of a matrix A is defined to be the sum of its diagonal elements,
1
tr(A) ≡
∑
i
Aii. (2)
The trace is cyclic and linear. Suppose we have physical systems A and B, whose state is described by a density
operator ρAB. The reduced density operator for system A is defined by
ρA ≡ trB(ρAB), (3)
where trB is a map of operators known as the partial trace over system B. The partial trace is defined by
trB(|a1 >< a1| ⊗ |b1 >< b1|) ≡ |a1 >< a1|tr(|b1 >< b1|). (4)
The partial trace operator is the operation which gives description of observable quantities for subsystems of a
composite system.
B. Measurement
Distinguishing quantum states needs quantum measurement. Quantum measurements are described by a collection
{Mm} of measurement operators [5]. These are operators acting on the state space of the system being measured.
The index m refers to the measurement outcomes that may occur in the experiment,
p(m) =< ψ|M †mMm|ψ >, (5)
where |ψ > is the state of the quantum system immediately before the measurement. The state of the system after
the measurement is
Mm|ψ >√
< ψ|M †mMm|ψ >
. (6)
And the completeness equation expresses the fact that probabilities sum to one:
1 =
∑
m
p(m) =
∑
m
< ψ|M †mMm|ψ > . (7)
The quantum measurements postulate gives a rule describing the measurement statistics and a rule describing the
postmeasurement state of the system. It is familiar that quantum mechanics describe projective measurements, ‘Pos-
itive Operator-Valued Measure’ measurements (POVMs), and a general measurements. A projective measurement
is described by a Hermitian operator, M , on the state space of the system being observed
M =
∑
m
mPm, (8)
where Pm is the projector onto the eigenspace of M with eigenvalue m. The possible outcomes of measurement
correspond to the eigenvalues, m, of the observable. Upon measuring the state |ψ >, the probability of getting result
m is given by
p(m) =< ψ|Pm|ψ > . (9)
C. Information Erasure
The bit is a fundamental unit of information. We will assume to have a large number of bits but they will be erased
individually, one by one. Landauer argues that since information erasure is a logical function which does not have a
single-valued inverse, it must be associated with physical irreversibility and require heat dissipation. Suppose we have
a quantum system which is in the unknown state ρ. A information erasure process is that we prepare this system in
a standard state,
ǫ : ρ→ |0 >< 0|, (10)
where ρ is an arbitrary state and |0 >< 0| is a standard state. This information erasure process is nonunitary
generally. If the system is in a known state, this information erasure process can be realized by a unitary operation.
But in the case we have a large number of bits to erase, the information erasure operation must be irreversible. In
this paper, information erasure will be considered as the quantum state erasure of a quantum system.
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II. RELATION BETWEEN MEASUREMENT, TRACE, AND ERASURE
Let HA be any Hilbert space, spanned by an orthonormal basis |1 > ...|d >. Then the trace map ρ→ tr(ρ) can be
represented as
tr(ρ) =
d∑
i=1
< i|ρ|i > . (11)
If HA is both the input and output space, a quantum measurement can be described:
Mm(ρ) =
d∑
i=1
|m >< i|ρ|i >< m|, (12)
where Mm is a quantum measurement operator.
Let HQ be any input Hilbert space, spanned by an orthonormal basis |1 > ...|d >, and let H ′Q be a one dimensional
output space, spanned by the state |0 >. Then, information erasure can be described like this
R(ρ) =
d∑
i=1
|0 >< i|ρ|i >< 0|. (13)
where R is an erasure operator. No matter what the state ρ is, the state of output space is |0 >< 0|.
A trace operation can be realized by a projective measurement when we never learn the result of the measurement.
Suppose the a quantum in the state |ψ >, the state after the measurement is given by
ρ′ =
∑
i
Mi|ψ >< ψ|M †i . (14)
Relation between trace operation and the measurement can be described like this,
1 = tr(|ψ >< ψ|) =
∑
i
< ψ|M †i Mi|ψ > . (15)
Suppose we have a joint system AQ in the state
ρAQ =
∑
i,j
pijρ
A
i ⊗ |jQ >< jQ|, (16)
and wish to trace out the subsystem Q. Then the state of the subsystem A becomes
ρA = trQ(ρ
AQ) =
∑
j′
< jQ|ρAQ|jQ >=
∑
i,jj′
pijρ
A
i δj,j′ . (17)
Suppose that a projective measurement described by PQj is performed on the quantum system Q, but we never learn
the result of the measurement. The state of the system A after a projective measurement on the system Q is given by
ρA =
∑
j′
PQj ρ
AQPQj =
∑
i,jj′
pijρ
A
i δj,j′ . (18)
We can see that a project measurement on a subsystem is the same as a partial trace. To see it clearly, let us consider
a GHZ state [6]
|GHZ >= 1√
2
(|0A0B0C > +|1A1B1C >) (19)
of a three qubit system ABC. Then trace one qubit (suppose of system A) out of the three qubit system. It has
trA(|GHZ >< GHZ|) = 1
2
ρBC00 +
1
2
ρBC11 , (20)
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where ρBC00 = |0B0C >< 0B0C |, ρBC11 = |1B1C >< 1B1C |. From Eq.(20), we know that after a partial trace on system
A, the system of BC has a probability p = 1
2
in state ρBC00 or in the state ρ
BC
11 . Obviously, the quantum measurement
postulate tells us that is we perform a project measurement in basis {|0 >, |1 >} on the system A, the measurement
result is in state |0 > ( consists to ρBC00 ) or in state |1 > ( consists to ρBC11 ) with a probability p = 12 . Consider the
case the three qubit in the state |w > [7]
|w >= 1√
3
(|1A0B0C > +|0A1B0C > +|0A0B1C >). (21)
Let us suppose we trace out the qubit of system A. then we have
trA(|w >< w|) = 1
3
ρBC00 +
2
3
|ψ+BC >< ψ+BC |, (22)
where |ψ+BC >= 1√2 (|0B1C > +|1B0C >) is a Bell state. Clearly, after a project measurement on system A in basis
{|0 >, |1 >}, the system A has a probability p = 1
3
in the state |1 > (consists to ρBC00 ) and a probability p = 23 in
the state |0 > ( consists to |ψ+BC > ).
Information erasure operation can be realized by a quantum projective measurement and a unitary operation.
First, we perform a projective measurement. Then the quantum system will be in a known state (suppose in the state
|j >< j|) after the quantum measurement. We can perform a unitary operation on the state |j >< j| to prepare the
system in state |0 >< 0|. Suppose we want to erase the state information of quantum system A, which is in an known
state ρ. First, we can perform a projective measurement described by projectors Pj . When we gain the measurement
result (suppose in state |j >), then we can perform a unitary operation U to prepare the system in a state |0 >,
M : ρ→ |j >< j|, (23)
U : |j >< j| → |0 >< 0|. (24)
This is a information erasure process.
III. WAVE-PARTICLE DUALITY:UNITARY AND NONUNITARY OPERATIONS
The evolution of the state of a closed quantum system is described by the Schro¨dinger′s equation. A general
quantum dynamical process is described by a quantum operation. Complementarity principle tells us the microscopic
word has the behavior, wave-particle duality. One can not draw pictures of individual quantum processes [8]. To gain
information of a quantum system, one has to perform a quantum measurement. A unitary operation on a quantum
system will keep the wave behavior of this system. But, a nonunitary operation, will destroy the wave behavior of
the system.
A. Nonunitary operations and particle behavior
In the quantum case, the completeness relation requires that trace of ρ equal to one, tr(ρ) = 1. We can see it
consists to the quantum measurement, Eq.(7). A trace process can be treated as a notion that we can find out the
particle in the whole space to a certain. After a trace process on a quantum system, the wave behavior disappeared
completely. If the quantum system is trace − preserving ( tr(ρ) = 1 ), which means that the trace of this quantum
system is unit, the probability of find out the particle is 1.
Consider the case of quantum measurement. When we perform a projective measurement on a quantum system, the
result of the measurement is in a state with the probability give by Eq.(5). Since the state is in an orthogonal state
after a projective measurement, according to the definition of Eq. (1), the behavior of this system is particle. The
wave behavior disappeared. But, POVMs maybe show some wave behavior. Suppose a particle is a two dimensions
{|0 >, |1 >} quantum system. Consider a POVM containing three elements [5],
E1 =
√
2
1 +
√
2
|1 >< 1|, (25)
E2 =
√
2
1 +
√
2
(|0 > −|1 >)(< 0|− < 1|)
2
(26)
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E3 = I − E1 − E2 (27)
We can see that E1, E2, and E3 are not orthogonal to each other. Then after a POVM, the quantum system will
keep some wave behavior and appear some particle behavior.
A information erasure operation will destroy the wave behavior completely. After a information erasure operation,
the system is in the state |0 >< 0|. There is no wave behavior in this quantum system. Since the information erasure
operation is physical irreversible, the wave behavior of the quantum system can not be recurred.
B. Quantum operation and von Neumann entropy
Entropy is a key concept of quantum information theory. It measures how much uncertainty there is in the state
of a physical system. Von Neumann defined the entropy of a quantum state by the formula [9]
S(ρ) ≡ −tr(ρ log ρ). (28)
If λx are the eigenvalues of ρ then von Neumann’s definition can be re-expressed
S(ρ) = −
∑
x
λx logλx, (29)
where 0log0 ≡ 0. The entropy of a system measures the amount of uncertainty about the system before we learn its
value. It is a measure of the “amount of chaos” or of the lack of information about a system. If one has complete
information, i.e., if one is concerned with a pure state, S(ρ) = 0 [10].
How does the entropy of a quantum system behave when we perform an operation on that system? Obviously,
a unitary operation does not change the entropy of a system because a unitary transformation does not change the
eigenvalues of ρ. In general, a nonunitary transformation would change the eigenvalues of ρ. So a nonunitary operation
would change the von Neumann entropy of a quantum system.
Suppose Pi is a complete set of orthogonal projectors and ρ is a density operator. Then the entropy of the state
ρ′ =
∑
i PiρPi of the system after the measurement is at least as great as the original entropy,
S(ρ′) ≥ S(ρ), (30)
with equality if and only if ρ = ρ′ [5]. From Eq.(9), we know the measurement outcomes Pm is gained randomly with
the probability m. So the uncertainty of the system increases after under the projective measurement if we never
learn the result of the measurement. The entropy of the system would increase under a projective measurement. But
how does the entropy behave depends on the type of measurement which we perform. A projective measurement
increases entropy of a quantum system. But, a generalized measurements can decrease entropy of a quantum system.
Consider a trace operation. The information of a quantum system disappeared completely after a trace operation.
So the uncertainty of the quantum system would increase. The uncertainty of the system would increase. In another
view, a trace process can be realized by a projective measurement if we do not know the measurement result. So a
trace operation would increase the entropy of the system.
Information erasure process will induce the entropy of the environment increase. Suppose a quantum system is in
a state ρ. The von Neumann entropy of the system is
S(ρ) ≥ 0, (31)
where S(ρ) = 0 if and only if ρ is a pure state. After the information erasure operation, the system is in the known
state |0 >< 0|. The entropy of the system is zero. The entropy of the system is nonincreasing. Since entropy does
not decrease, the entropy of the environment must increase. To realize the information erasure process, there must be
interaction between system and environment. A information erasure process has to exchange momentum-energy with
environment randomly. In another view, a information erasure process can be realized by a projective measurement
and a unitary operation. A unitary operation does not change the entropy of the system. The change of entropy
is derived by the measurement. A measurement will induce exchange of momentum-energy between system and
environment. Here, the projective measurement will decrease the entropy of a system because we have to know the
result of the measurement if we want to realize the information erasure operation.
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IV. QUANTUM MEASUREMENT AND THE SECOND LAW OF THERMODYNAMICS
The second law of thermodynamics states that the entropy in a closed system can never decrease. In 1871, J. C.
Maxwell proposed the existence of a machine that apparently violated this law. Suppose we have a vessel in which
full of air at unitary temperature are moving with velocities by no means unitary. And such a vessel is divided into
two portions, A and B, by a division in which there is a small hole. Let suppose that a demon, who can see the
individual molecules, opens and closes this hole, so as to allow only the swifter molecules to pass from A to B, and
only the slow from B to A. He will thus, without expenditure of the work, raise the temperature of B and lower that
of A, in contraction to the second law of thermodynamics [11].
The resolution to the Maxwell’s demon paradox lies in the fact that the demon must perform measurement on the
molecules moving between the partitions, in order to determine their velocities. The result of this measurement must
be stored in the domon’s memory. Because any physical memory is finite, the demon must erase information from its
memory, in order to have space for new measurement results. By Landauer’s principle, erasing information increases
the total entropy of the combined system which includes demon, gas vessel, and their environments. The second law
of thermodynamics is obeyed.
We give a quantum manifestation of Maxwell’s demon. The demon and molecules in the vessel are all considered
as quantum systems. To determine the velocities of molecules, the demon has to perform a quantum projective
measurement. The average velocities of the molecules is
M =
∑
m
mP (m)
= < ψ|M |ψ >, (32)
where M is a velocity operator. The standard deviation is
△(M) = < (M− < M >)2 >
= < M2 > − < M >2 . (33)
It is a measure of the typical spread of the observed values upon measurement of M . In the vessel, the spread of the
velocity of molecules is a Boltzmann’s spread. So the standard deviation is nonzero. Every demon’s measurement
on the molecules will exchange some of momentum-energy between demon and molecules. We can calculate the least
value of the momentum exchange under every measurement. Suppose the volume of the vessel is L3. From the
Heisenberg uncertainty principle, we know that
△x△p ∼ h. (34)
The uncertainty of momentum is at least h/L in every measurement in one axes. Every time, when demon want to
determine the velocity of molecules, there is some uncertainty momentum, at least h/L, exchanged between demon
and molecules. The system of vessel is not a closed. So the entropy of the vessel can decrease. Considering the whole
system including molecules, demon, and environment, the entropy of combined system does not decrease.
Let us see a laser cooling of free atoms case. The general method of cooling is to reduce the kinetic energy of an
atom after it was loaded into the trap. Assume we have an unbound gas of atoms. After a laser cooling process, the
atoms can be in a Bose-Einstein condensation state [12]. The entropy of the atoms decreases all long in this laser
cooling process. But the entropy of the whole system including atoms and photon field increases. This laser cooling
process is very like the maxwell’s demon paradox.
Consider a closed system including a large number of molecules. The average velocity of molecules is v. Every
molecule has a nonzero velocity in this system. Every molecule collides with others randomly all the time. There is
momentum-energy exchange under every collision. The collision is a irreversible process in natural state. In a closed
system, a collision process is nonreversible. Since every collision is random, the chaos of the system would increase
after a long time. The entropy of this closed system increases.
V. THE PRINCIPLE OF LEAST ACTION IN MICROWORD
There is only one physical process in reality. It is well known there is the principle of least action in the classical
word. It corresponds to the Fermat’s principle in optics. The principle of least action tells us that every one in
classical word will has a certain position and momentum forever. There is only one path is realizable in every possible
path.
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Quantum evolution of a closed system is a unitary evolution which can be described by Schro¨dinger’s equation.
A state of a closed system is determined. As we have known, microword is a linear word. The linearity of the
microword can be considered as the requirement of momentum-energy conservation and quantization. Suppose we
have a two-level atom in the state
|Φ >= α|0 > +β|1 >, (35)
where |0 > is the ground state and |1 > is the excited state, |α|2 + |β|2 = 1. The energy level of the ground state is
E0, and the excited state is E1. Suppose there is a photon with energy △E = 12 (E0 − E1) which was absorbed into
the system. If the system is in the state |0 > at first, then it should be in the state
|Φ >= 1√
2
(|0 > +|1 >) (36)
after it absorbed the photon. But a classical probability view is that this system is either in state |0 > or in state |1 >
with certain. It is easy to see that a classical probability view will induce the energy not conservation. If the system
is in state |1 > after absorbed a photon with energy △E, there is another △E required of this combined system.
Then the energy of this combined system is not conservation any longer. If the system is still in the state |0 > after
it absorbed this photon, there is some energy △E unwanted. The energy of the combined system is not conservation.
Another example is the double-slit interference. Reasonably, we can suppose the transverse momentum of the
particle is zero. The state of particles exiting an interferometer is
|Ψ >= 1√
2
[|ψ1(r) > +|ψ2(r) >], (37)
where |ψ1(r) > and |ψ2(r) > represent the possibility for the particles to take path 1 or 2. If the particle only go
through path 1 or path 2 every time, the transverse momentum is not conservation yet.
Comparing to the principle of least action in classical, we can see that entropy is least in the microword. The
von Neumann entropy is least of a closed system, which give a limitation that the evolution of a closed system
is unitary and the a microword is linear. In this case, we can say that the least of von Neumann entropy is an
elementary requirement in the microword comparing to the principle of least action in classical word if and only if
the momentum-conservation of energy and the quantization is needed in the microword. There is only one physics
in reality. In classical word, it can be manifestation by the principle of least action. In the microword, it can be
described as that the von Neumann entropy of a closed system is least.
VI. CONCLUSION AND SUGGESTIONS FOR FUTURE RESEARCH
We have presented that both a trace operation and a information erasure process can be realized by a projective
measurement in physics. A partial trace can be realized by a projective measurement on a subsystem if we never know
the result of the measurement. We have discussed the relation between quantum operations and the wave-particle
duality behavior in microword. We have given a quantum manifestation of Maxwell’s demon. We have shown that the
quantum measurement would increase the entropy of the environment. We have given a manifestation of the principle
of least action in microword. And we have presented that the quantization and the conservation of momentum-energy
requires the evolution of a closed system is a unitary and the entropy of this system is least.
The information erasure process is very important in quantum computation. The memory of the quantum computer
has to be erased before a new job started since deleting an unknown state is impossible [13]. The relation between
information erasure and heat dissipation in a quantum system should be studied deeply in the future. And the
quantum manifestation of the Maxwell’s demon maybe be practical to calculate the relation between decrease of
entropy of the vessel and the exchange of energy between demon and molecules.
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